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Abstract. We study the relation between fluxes and gradients in the very unstable surface layer
by comparing recent proposals in the literature with the well-known Businger–Dyer functions.
The recent proposals include results from large-eddy simulation (LES), which account for

entrainment effects and effects of the boundary-layer depth. A comparison of the relationships
is made with experimental data. The LES-based gradient functions show the impact of
entrainment in the surface layer, but the scatter in the field data is too large to confirm this.

Therefore this result is preliminary and future tests against new observations are recom-
mended. It appears that the Businger–Dyer relationship behaves differently to the alternatives,
and that it deviates from observations for large stability.
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1. Introduction

Businger et al. (1971) published their famous flux–profile relationships based
on turbulent flux and vertical profile observations above prairie grassland
over horizontal homogeneous terrain in Kansas, U.S.A. After some adap-
tations, these relationships are now known as the Businger–Dyer relations
(see Dyer, 1974; Businger, 1988; Högström, 1988, and for an heuristic deri-
vation, Fleagle and Businger, 1980) that read as

/h ¼ /2
m ¼ 1� 16

z

L

� ��1=2
ð1Þ

in which /h and /m are dimensionless gradients of temperature and wind
speed, z the height above the surface, and L the Obukhov length.

The Kansas experiment in 1968 was set up to verify the Monin–Obukhov
similarity theory (MOST), a theory that is based on the assumption that in
the atmospheric surface layer (ASL) z and L are the only relevant turbulent
length scales. Consequently, according to MOST, the height of the convective
boundary layer (CBL), h, does not play a role in the ASL (e.g. Holtslag and
Nieuwstadt, 1986). Moreover, the Kansas dataset was confined to conditions
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with �z=L smaller than 1. For large values of �z=L, in particular in the so-
called free convection region where the influence of friction velocity, u�, is
expected to vanish, there is still no unanimity in the literature on the flux-
gradient relations. The Businger–Dyer relationships do not fulfill the rela-
tions found from similarity theory assuming that only the buoyancy flux
(which is g

hwh if humidity effects are ignored) and the actual height z are of
relevance only.

There is a growing interest in the boundary-layer community to improve
the widely used Equation (1) by accounting for additional phenomena. This
is a challenging task owing to the scatter of most datasets. Recently, Halldin
et al. (1999) and Johansson et al. (2001) found that /m depends on h=L.
Panofsky et al. (1977) already found that the boundary-layer depth is a
scaling parameter for the horizontal velocity variances under convective
conditions in the surface layer.

In this study we will present additional arguments and evidence that h and
the entrainment flux might be relevant in the ASL also. As such, flux–profile
relations are derived for the surface layer by considering the implications of
ideas presented in Cuijpers and Holtslag (1998, hereafter referred to as
CH98) for the CBL (see also Holtslag, 1998). The objective of our study is to
investigate whether the modified gradient formulations apply in the con-
vective ASL. In addition, we compare these with surface-layer expressions.
Data collected at the Cabauw tower in The Netherlands include profiles,
fluxes, and the boundary-layer depth, and together with data from CASES-
99 (e.g. Poulos et al., 2002) have been used to verify the various formulations.
In addition, we will pay attention to conditions of free convection in the
surface layer.

The paper is organised as follows. In Section 2 the theoretical background
is presented. Section 3 contains the necessary information on the datasets
including the energy budgets at the surface and through the boundary layer.
The results are given in Section 4. Section 5 deals with the behaviour of
gradient functions during local free convection, followed by a discussion in
Section 6 and the conclusions in Section 7.

2. Theory

Large-eddy simulation (LES) has shown that vertical gradients in the CBL
are well described by (e.g. Moeng and Wyngaard, 1989; hereafter MW89),

@X

@z
¼ wv0

hw�
f1

z

h

� �
þ wventr

hw�
f2

z

h

� �
; ð2Þ

where f1 and f2 are gradient functions concerning bottom-up and top-down
transport, respectively. Here X is a scalar such as potential temperature (h),
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specific humidity (q) or a trace gas (C). Furthermore, wv0 and wventr are the
surface flux and entrainment flux (at the top of the CBL) of X respectively,

and w� ¼ g

h
wh0h

� �1=3
, where h is the CBL depth.

According to MW89, Equation (2) is given by

@X

@z
¼ c1

wv0
w�h

z

h

� ��3=2
þc2

wventr
w�h

1� z

h

� ��2
ð3Þ

with c1 ¼ �0:4 and c2 ¼ �0:7. This relationship has been obtained from a
LES model by applying top-down, bottom-up mixing assumptions. Note that
originally c1 ¼ �0:4 in MW89, but it appears that with c1 ¼ �0:45 a better fit
to their LES data, as well as to the observations used in our study, is achieved
(in particular close to the surface).

Alternatively, CH98 studied non-local fluxes in the CBL in addition to
gradient transport. Their results can be written for the purely convective case
as

@X

@z
¼ wvNL � wv

K
¼ wv0

hw�

0:89c 1þa
2

� �

ck
z
h

� �2=3
1� b z

h

� ��
1þ ða� 1Þ zh
z
h

� �4=3
1� z

h

� �2
 !

ð4Þ

with a the entrainment ratio defined by a ¼ whentr=wh0, K is the turbulent
diffusion coefficient, ck, c and b are empirical coefficients, and wvNL is the
non-local turbulent heat flux. A derivation of (4) is given in the Appendix.
Thus Equation (4) describes scalar gradients as functions of z=h and the
entrainment ratio a. The main question now is: how does this relationship
behave in the convective surface layer i.e. for z=h � 0:1?

To compare the h and q gradients from (3) and (4) with other expressions
in the surface layer, we focus on two formulae that satisfy the so-called free
convective limit, and a modified ‘Businger’-type formula. The three surface-
layer proposals are summarized below:

(a) DeBruin (1999, from now on referred to as DB99), revised a ‘heuristic’
model (Fleagle and Businger, 1980) and found:

/x ¼
@X

@z

kz

X�
¼ 1� 3

z

L

� �2=3
1� 10

z

L

� ��1
: ð5Þ

In the free convection limit (�z=L!1) this relation leads to

@X

@z
¼ C

z

wv0
wf

; ð6Þ

where C ¼ �0:706 and wf is the convective velocity scale in the surface layer
defined as wf ¼ ðghwh0zÞ1=3:

(b) Recently Wilson (2001) proposed (based on a re-analysis of the Kansas
experiment):
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/x ¼
kz

PtX�

@X

@z
¼ 1þ 7:86

z

jLj

� �2=3
 !�1=2

ð7Þ

in which Pt is the Prandtl number defined as Pt ¼ Km=Kh and taken as 0.95. In
the case of free convection, this leads to the same relation as (6) with
C ¼ �1:15. For �z=L!1, (7) behaves similarly to ‘classical’ free convec-
tion expressions (see Lumley and Panofsky, 1964, pp. 108–110; Turner, 1979,
pp. 133–136;Monin and Yaglom, 1981, Chapter 4; Kader and Yaglom, 1990).

(c) The Businger–Dyer relationship (see above): /h ¼ ð1� 16 z
LÞ
�1=2. This

does not obey the �1/3 law for the free convection limit, so u� does not

vanish and @X
@z remains a function of u� when �z=L!1. Businger et al.

(1971), Businger (1973), Wyngaard (1973) and Schumann (1988) discussed
this feature, and Schumann proposed that in the free convection region
u�eff ¼ ew�, with u�eff the effective value of u� during convection and � � 0:1
for typical roughness over land.

The idea that u� does not vanish at low wind speeds has been recognised
before by e.g. Wyngaard (1973) and Businger (1973): ‘Close to the surface
during a short period compared to large-scale convection, but during a long
period compared to the time it takes to develop a wind profile, the profiles
must be approximately the same as for a large-scale mean wind, consequently
there is shear production and a friction velocity may be defined’. For a recent
discussion on this matter and observational evidence we refer to Mahrt et al.
(2001). Application to models is discussed by Beljaars (1995) and others.

In this paper, our goal is to find out whether relationships (3) and (4)
behave properly in the surface layer, and how they compare with the above
mentioned ASL formulations (not containing h). The various approaches will
be compared with experimental data. In addition we wish to assess the
impact of the boundary-layer depth and the entrainment ratio a on the
surface-layer parameterisations. Note that in the above we assumed that
the von Kármán constant j ¼ 0:4. Alternative functions with different values
for j will not be treated here, but can be found in e.g. Stull (1988), Dyer
(1974) and H€ogstr€om (1988).

3. Datasets

3.1. CABAUW

It should be noted in advance that for the observational verification of either
(3) or (4), surface fluxes, scalar profiles and boundary-layer heights are
necessary. Datasets containing all this information are very scarce (e.g. Jo-
hansson et al., 2001).
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Part of the current dataset has been taken from 2 to 5 of May 1995 (DOY
= 122–125) at Cabauw (51.971� N, 4.927� E; 0.7m below mean sea level),
The Netherlands (Van Ulden and Wieringa, 1996). This dataset contains
profiles of mean temperature and specific humidity from the 200-m mast, and
boundary layer depth measured with a RASS profiler. Eddy covariance
sensible and latent heat fluxes measured at 5-m height completed the dataset.
From the synoptic station De Bilt radiosoundings were added.

The synoptic situation was characterised by a high-pressure region centred
in Poland; later on, the centre moved towards Austria. The weather was
generally fair and the sky was nearly clear, with patchy cirrus clouds present.
The wind was south-easterly and moderate. At DOYs 124 and 125 the wind
speed decreased and veered between south and south-westerly. In the after-
noon a sea breeze appeared, but observations after the passage of a frontal
zone have not been included herein.

The latent heat flux (LvE, with Lv the latent heat of vaporization and E the
turbulent moisture flux) is the largest consumer of the available energy, be-
cause of the large water availability at Cabauw, especially in spring (e.g.
DeBruin and Holtslag, 1982). Note that LvE has peak values around
250Wm�2, and is the reason that the sensible heat flux did not exceed
50Wm�2. Note also that, in this dataset, the surface energy budget is not
balanced (i.e. the sum of observed H and LvE is less than net radiation minus
soil heat flux). The imbalance reaches up to 150Wm�2 during daytime (30%
of the net radiation), though we did not attempt to account for this feature in
the present study because of the many uncertainties that still exist (Oncley
et al., 2002). H and LvE are thus directly taken from the eddy correlation
observations.

3.2. CASES-99

For comparing flux gradient relationships for large �z=L (Section 5), we also
examine observations from the CASES-99 experimental campaign, because
the surface layer was more unstable in CASES-99 than in the Cabauw
dataset. Therefore, the surface sensible flux and the vertical temperature
gradients were larger than at Cabauw, and as a consequence, the uncertainty
in the observations is smaller. CASES-99 provides advantageous observa-
tions for testing surface layer similarity during free convection, although the
experiment focused on stable atmospheric conditions in the boundary layer
(Poulos et al., 2002).

The experimental period ranged from October 1 to 31, 1999 and was
conducted near Leon, Kansas, U.S.A., (37.6486� N, 96.7351� W, 431ma.s.l.).
This area was chosen for its lack of obstacles, and relatively flat terrain, with
a surface comprised mainly of prairie grasses, with a typical roughness length
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of z0 = 0.03 m and low soil moisture content. More detailed information is
given in Poulos et al. (2002). The experiment included a heavily instrumented
60-m tower operated by the National Center for Atmospheric Research from
which we extracted vertical temperature gradients.

Due to the low soil moisture content, surface sensible heat fluxes and
vertical temperature gradients are larger than at Cabauw, which is an
advantage for studies of convective conditions. Typical values for H are 200
and 60Wm�2 for LvE during daytime; the non-closure of the surface energy
balance amounts typically to 50Wm�2 (12% of the net radiation). The
drawback of the current dataset is that the boundary-layer depth was not
available (to us) during daytime.

3.3. DATA PROCESSING

The scalar gradients are derived from the mast observations by a least square
fit according to (see e.g. Oncley et al., 1996; Frenzen and Vogel, 2001; Jo-
hansson et al., 2001):

XðzÞ ¼ Aþ B lnðzÞ þ C ln2ðzÞ þD ln3ðzÞ: ð8Þ
This method is sensitive to (a) errors when data are missing, especially at
higher levels (Oncley et al., 1996), and (b) to outliers when used for esti-
mating differentials. Akima (1970) show that the first problem can be mini-
mised with a more advanced mathematical approach; we used (8) for
simplicity. Moreover, it might be possible that systematic errors can affect the
calculated gradients, e.g. when the radiation error for temperature mea-
surements depends on wind speed and therefore increases systematically with
height.

4. Results

4.1. ESTIMATED GRADIENTS VERSUS CABAUW OBSERVATIONS

We bring together theory (Equation (4)) and observations from Cabauw in
Figures 1a and 2a, and show the observed and estimated mean temperature
and humidity gradients respectively. For Equation (3) these results are shown
in Figures 1b and 2b. The entrainment rate ratio was set to �0.25 for heat
and +0.2 for humidity, which were derived as typical values from the 1200
UTC (1400 local time) radiosoundings. These values are used for all the
calculations below. It is seen that Equations (3) and (4) describe the obser-
vations well, both for potential temperature and humidity. For both quan-
tities the bias is rather small and for humidity the scatter is smaller than for
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temperature. With the original model of MW89, (using c1 ¼ �0:4), we find
an underestimate of 8% for heat and 2% for humidity, so indeed the use of
c1 ¼ �0:45 is an improvement.

Although Equations (3) and (4) show equivalent skill on the current data,
we may note that Equation (4) is more easily adapted to near-neutral con-
ditions (including the u� influence).

4.2. GRADIENT FUNCTIONS COMPARED TO ALTERNATIVE PROPOSALS

Using boundary-layer theory for the CBL, the scaling is (e.g. Holtslag and
Nieuwstadt, 1986):

gx ¼
hw�
wv0

�@X
@z

� �
ð9Þ

with the subscript of gx given by x ¼ h for heat or x ¼ e for humidity and
X ¼ �h or �q. The dimensionless gradients are shown in Figures 3 and 4 as a
function of z=h, together with the surface-layer alternatives and Cabauw
observations. The data have been separated according to the atmospheric
conditions: when �z=L > 0:5 and �h=L > 5 the data are represented by dots
(convective, very unstable) and as triangles (weak convective).

At first we conclude that Equations (3) and (4) compare very well to the
alternatives. Moreover, it is seen that DB99 agrees with the data quite well.
Wilson’s function shows a positive bias compared to the model and the other
alternatives. Thus both �h and �q show a good fit through the data, but the
large data scatter prevents a clear preference for any of the models. Even the
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Figure 1. (a) Estimated versus observed mean temperature gradient in the convective surface
layer at Cabauw for Equation (4). RMS represents the root-mean-square error between the

model and the observations; (b), as in (a), but for Equation (3).
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weak convective data (triangles in Figures 3 and 4) agree with the observa-
tions. Apparently, the influence of u� can safely be neglected. Also the
assumption u�eff ¼ ew� (with e ¼ 0:1) performs rather well, although we
found that the application of e ¼ 0:22 (not shown) results in the best fit
through the data for 0:01 < z=h < 0:1. With e ¼ 0:22 the curve is very close
to the result of Equation (4) as well. As an illustration, Figure 5 shows u�eff
versus w� for the Cabauw dataset, and in this way we find e ffi 0:19 (but the
scatter is considerable).

Thus, here we present some evidence that the boundary-layer depth h is
also a relevant variable in the surface layer for the gradient functions of heat
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Figure 2. (a) Estimated versus observed mean humidity gradient in the convective surface layer

at Cabauw; RMS represents the root-mean-square error between the model and the obser-
vations; (b), as in (a) but for Equation (3).
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and moisture; recall that Halldin et al. (1999) and Johansson et al. (2001) also
reported an h=L dependence in the gradient functions for the surface layer.

4.3. IMPACT OF ENTRAINMENT

Figure 6 shows the gradient relationship (4) for various values of the
entrainment ratio a. A clear distinction between the curves is found, mainly
at the top of the surface layer; near the surface the impact becomes smaller.

Figure 3. Gradient function (A8) for heat with alternatives and eddy correlation data.
(ð�Þ � h=L > 5 and �z=L > 0:5, ðDÞ � h=L < 5 and �z=L < 0:5). q denotes the correlation
coefficient between the model and observations.

Figure 4. As Figure 3, but for specific humidity.
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These LES-based functions show that the entrainment ratio affects both
profiles of temperature and humidity in the surface layer. Unfortunately,
because of the large scatter in the observations and because the estimation of
the entrainment ratio is not a trivial point, confirmation with the field data is
hard.

In addition, if entrainment rates are set to zero in Figures 1 and 2, the
agreement is somewhat less for heat and somewhat better for humidity. So
this cannot be seen as a definite test.
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Figure 5. Scatter plot of observed u�eff versus w� at Cabauw.

0

0.02

0.04

0.06

0.08

0.1

0.12

0 100 200 300 400 500

gh

z/
h

alpha = -1
alpha = 0
alpha = 1

Figure 6.Gradient of mean potential temperature as a function of z=h and entrainment ratio a.

G. J. STEENEVELD ET AL.246



5. Flux–profile relationship under free convective conditions

From the viewpoint of MOST in the ASL, the turbulent regime at heights
z� jLj for a given u� does not differ from the regime where z is fixed and not
too great and u� is small. This implies that the limiting case � z

L!1 must be
the same as u� ! 0. Then similarity arguments lead to the feature that in this
limit, the function J, defined by

JðfÞ � wTfc

z2
ffiffi
g
h

p
@�h
@z

���
���
3=2
¼ k2

/3=2
h

ffiffiffiffiffi
jfj

p ; ð10Þ

approaches a constant. Here f ¼ z=L.
In order to show the main differences between these functions we plot in

Figure 7 the expressions J as a function of f, using the /h functions of the
original Businger–Dyer formulation (BD, Equation (1)), DeBruin (DB99,
Equation (5)) and Wilson (W01, Equation (7)); observations are also shown.
It is seen that the differences are insignificant for �f < 0:1, but for �f > 1
BD increases monotonically with �f, whereas DB99 and W01 become con-
stant respectively at 1.7 and 0.8. The DB99 curve has a minimum around �f
equals 0.05. This shows that an appropriate test of the different /h functions
is to use experimental data corresponding to �f > 1.

Unfortunately, the scatter in our data is too large to be distinctive for this
purpose. A plausible reason is that the temperature gradients are small for
�f > 1, so that J is difficult to determine accurately from profile and flux data.
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Figure 7. Flux–profile relationships as a function of z=L and observations from Cabauw and
CASES-99 (the latter selected as @�h=@z < �0:02Km�1).
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In addition we have to be aware of statistical sampling problems, requiring
long averaging times in very convective conditions. Nevertheless, the CASES-
99 data (when selected for @�h=@z < �0:02Km�1) appears to give the best
fit for the W01 formulation. Because, observations of h were not available
to us for this dataset, we are unable to investigate whether h plays a role
here.

6. Discussion

6.1. SCALING

Wyngaard (1973) and Holtslag and Nieuwstadt (1986) suggest that, on the
basis of similarity arguments, the relevant scaling variables in the ASL during
free convection are wh0, z and

g
h. From these quantities the convective velocity

scale wf can be found. Then the most natural scaling for a convective ASL
uses z and wf;

gxSL ¼
zwf

wv0
� @X
@z

� �
ð11Þ

in which X is a scalar quantity. Thus gxSL becomes a dimensionless scalar
gradient. We found that such an approach leaves much more scatter than the
scaling according to (9) (not shown), and (11) appears not to be suitable. On
the other hand, the scatter in the current observations is so large that we have
to be modest with proposing (9) as the definite way of scaling. Recall the
relatively small surface fluxes and mean gradients in the current selection of
the Cabauw dataset compared to those available during CASES-99, indi-
cating large scatter in Figures 3 and 4.

6.2. SURFACE ENERGY BUDGET

At first sight, Figures 3 and 4 give excellent results in verifying Equation (4).
On the other hand we must be aware of the non-closure of the surface energy
budget. If the eddy correlation fluxes comprising the dataset of Section 3 are
accurate, Figures 3 and 4 are indeed in good agreement with LES. Then the
non-closure of the surface energy balance should be attributed to measure-
ment problems in the net radiation or in the soil heat flux. However, this
needs further investigation. On the other hand, if net radiation and soil heat
flux are correct, then the surface heat fluxes must be adjusted, and the current
findings need revision (see also the recent work by Rao, 2004).
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7. Conclusions and recommendations

It is shown that descriptions for scalar gradient relationships, based on LES
for the CBL, do relatively well for the surface layer. This is the case when the
velocity scale w�, the surface flux wv0 and the boundary-layer height h are
used for scaling purposes. Furthermore an influence of entrainment is
apparent in the surface-layer structure with such an approach. The results
compare well with alternative functions, but the scatter in observations is so
large that we cannot determine the most favourable relationship.

In addition, we consider the behaviour of the non-dimensional surface
sensible heat flux, J, for different flux–profile relations for large �z=L. These
behave clearly differently: the function proposed by DeBruin (1999) reaches a
constant value of 1.7 in the limit �z=L!1. The Wilson (2001) function
reaches 0.8 in this limit while the relation from Businger–Dyer grows to
infinity. The observations fromCASES-99 support theWilson (2001) function.

We illustrated that the boundary-layer depth and the entrainment flux may
play an important role in surface-layer scaling. However, the observations
show a large scatter and therefore need special attention in the future; they
should include the CBL depth, surface and entrainment fluxes, profiles and
additional data to close the boundary-layer budgets and the surface energy
budget. Not only potential temperature and humidity should be studied, but
also CO2, which is an important trace gas. In addition, when new data
become available with good closure of the surface energy balance, it is
recommended to verify Equations (3) and (4).
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Appendix A. Fluxes and gradients in the CBL

In steady state conditions it can be shown that (CH98; Frech and Mahrt,
1995; Holtslag, 1998):

wv ¼ �K @X
@z
þ wvNL ðA1Þ
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is a good description of the fluxes and vertical gradients in a CBL. Here K is
the eddy diffusivity and

wvNL ¼ cL1
w�
rw

� �
w�v�
h

ðA2Þ

is the non-local flux term; L1 is a length scale defined by

L1 ¼ K=rwck: ðA3Þ

In a quasi-stationary state we may also assume linear profiles of wv as a
function of the normalised boundary-layer depth h (see Tennekes and
Driedonks, 1981):

wv ¼ wv0 1� z

h

� �
þ wve

z

h
; ðA4Þ

where wv0 and wve are the surface flux and entrainment flux respectively.
Subsequently the mean temperature gradient can be derived when the eddy
diffusivity K and the vertical velocity variance in a CBL are represented by
(Holtslag and Moeng, 1991)

K ¼ w�h
z

h

� �4=3
1� z

h

� �2
; ðA5Þ

r3
w ¼ 1:2w3

�
z

h

� �
1� b

z

h

� �3=2
: ðA6Þ

The entrainment flux whe in Equation (3) can now be estimated for potential
temperature by applying

whe ¼ awh0: ðA7Þ
Then, the scalar gradient in a CBL can be derived resulting in Equation (3).
The required parameters are taken from CH98, e.g. c ¼ 1:5 and ck ¼ 0:3.
Finally b ¼ 0:9 (Holtslag and Moeng, 1991).
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